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CSCE 310J
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« Giving credit where credit is due:
» Most of slides for this lecture are based on slides
created by Dr. David Luebke, University of Virginia
» Some dlides are based on lecture notes created by Dr.
Chuck Cusack, UNL.
» | have modified them and added new slides.




Dynamic Programming

& Another strategy for designing algorithmsis
dynamic programming
» A metatechnique, not an algorithm
(like divide & conquer)
» Theword “programming” is historical and predates
computer programming
& Use when problem breaks down into recurring
small subproblems




Dynamic programming

# It is used when the solution can be recursively
described in terms of solutions to subproblems
(optimal substructure).

& Algorithm finds solutions to subproblems and
stores them in memory for later use.

& More efficient than “brute-force methods’, which
solve the same subproblems over and over again.




Summarizing the Concept of
Dynamic Programming

¢ Basicidea:
» Optimal substructure: optimal solution to problem
consists of optimal solutions to subproblems

» Overlapping subproblems: few subproblemsin total,
many recurring instances of each

» Solve bottom-up, building atable of solved
subproblems that are used to solve larger ones
& Variations:
» “Table” could be 3-dimensional, triangular, atree, etc.




K napsack problem (Review)

Given some items, pack the knapsack to get

the maximum total value. Each item has some
weight and some value. Total weight that we can
carry is no more than some fixed number W.

So we must consider weights of items aswell as
their value.

Item # Weight Value
1 1 8
2 3 6
3 5 5




Knapsack problem

There are two versions of the problem:
1. “0-1 knapsack problem” and
2. “Fractional knapsack problem”

1. Iltemsareindivisible; you either take an item or
not. Solved with dynamic programming

2. Itemsaredivisible: you can take any fraction of
an item. Solved with a greedy algorithm.
+ We have already seen this version




0-1 Knapsack problem

& Given aknapsack with maximum capacity W, and
aset Sconsisting of n items

+ Eachitemi has some weight w, and benefit value
b; (al w; , b,and W are integer values)

« Problem: How to pack the knapsack to achieve
maximum total value of packed items?




0-1 Knapsack problem: a
picture

Weight
ltems Wi
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0-1 Knapsack problem

+ Problem, in other words, isto find
max Y b subjectto > w <W
ioT icT

¢ The problem iscalled a“0-1" problem,
because each item must be entirely
accepted or rejected.

# In the “Fractional Knapsack Problem,” we
can take fractions of items.




0-1 Knapsack problem:
brute-for ce approach

Let’ sfirst solve this problem with a
straightforward algorithm
& Sincethereare n items, there are 2" possible
combinations of items.

& We go through all combinations and find the one
with maximum value and with total weight less or
equal to W

& Running time will be O(2")




0-1 Knapsack problem:
brute-for ce approach

& Can we do better?

# Yes, with an algorithm based on dynamic
programming

& We need to carefully identify the subproblems

Let'stry this:

If items are labeled 1..n, then a subproblem
would beto find an optimal solution for

S, = {itemslabeled 1, 2, .. k}




Defining a Subproblem

If items are labeled 1..n, then a subproblem would be
to find an optimal solution for S, = {itemslabeled
1,2 .k

+ Thisis areasonable subproblem definition.

& The question is: can we describe the final solution
(S,) interms of subproblems (S)?

& Unfortunately, we can't do that.




Defining a Subproblem

Wy =2
b, =3

w,=4

b,=5

w;=5

b;=8

w,=3
b,=4

7

Max weight: W = 20.
For S,

Total weight: 14;

Maximum benefit: 20

w, =2|
b,=3

W,=4 | w;=5

b,=5

b,=8

For S

Total weight: 20
Maximum benefit: 26

Weight Benefit
Item W, i
| #

1 2 3

S| 2 3 4
3 4 5

4 5 8

5 9 10

Solution for S, is
not part of the
solution for S:!!!




Defining a Subproblem
(continued)

& Aswe have seen, the solution for S, is not part of
the solution for S5

& So our definition of a subproblem is flawed and
we need another one!

# Let’sadd another parameter: w, which will
represent the exact weight for each subset of
items

& The subproblem then will be to compute B[ k,w]




Recur sive Formula for
subpr oblems

Recursive formula for subproblems:

Bk Wl = B[k —-1,w] if w, >w
(W= e Bk L w], B[k L w—w, ] +b,} dlse

It means, that the best subset of S, that has total
weight wis:
1) the best subset of S, that has total weight w, or

2) the best subset of S, that has total weight w-w plus the
item k




Recursive Formula

B[k -1,w] if w, >w
B[k, w] =
max{ B[k -1, w], Bk -L,w-w,]+b} else

& The best subset of S, that has the total weight w,
either containsitem k or not.

# First case: w>w. Item k can't be part of the
solution, sinceif it was, the total weight would be
> w, which is unacceptable.

& Second case: w, < w. Then theitem k can bein
the solution, and we choose the case with greater
value.




0-1 Knapsack Algorithm

forw=0toW
B[Ow] =0
fori=1ton
B[i,0] =0
fori=1ton
forw=0toW
if w; <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w




Running time

forw=0toW

B[O,w] =0 O(VV)
fori=1ton

B[i,0] =0 .
fori=1ton Repeatntlmes

foorw=0toW O(VV)

< therest of the code >
What is the running time of this agorithm?
O(n*W)
Remember that the brute-force algorithm
takes O(2")




Example

Let’'s run our algorithm on the
following data:

n =4 (# of elements)

W =5 (max weight)
Elements (weight, benefit):
(2,3), (3,4), (4,5), (5,6)




Example (2)

W o 1 2 3 4
0| 0] O 0 0 0
1
2
3
4

forw=0toW

B[Ow] =0




Example (3)

fori=1ton
B[i,0] =0




Example (4)
Wo 1 2 3 4 5
ojo|0]0o]0]o0]oO
1] 0%
2| o0
30
4]0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b, + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1w] //w,>w

Items:

2:(34)

3:(4,5)
i=1  4:(56)
b=3

w;=2
w=1

w-w; =-1




Example (5)

Wo 1 2 3 4

0

A W N P

a1

o400 |of[o]o]o
o| o ™3

0

0

0

if w, <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1,w- w]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1Lw] //w,>w




Example (6)
Wo 1 2 3 4 5
00| 0<0 |0|O0]oO
10| 0] 3 *3
210
3|0
4l o0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1Lw- w]
e

B[i,w] = B[i-1,w]
else B[i,w] = B[i-1Lw] //w,>w

Items:
2:(34)
3:(4,5)
i=l  4:(56)
b=3
w;=2
w=3

w-w; =1




Example (7)

Wo 1 2 3 4 5
0/ o] 0| 0<0|0]oO
1100 ]3| 3*3
2| 0
3|0
4|0

if w, <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1,w- w]
else
B[i,w] = B[i-1w]
else B[i,w] = B[i-1Lw] //w,>w




Example (8)
Wo 1 2 3 4 5
olo|o|o0o]o0o<o0|oO
1/ o0lo0o ] 3|3 ]|3]*3
2| o0
30
4]0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-Lw- w]
else
BIi,w] = B[i-1,w]
else B[i,w] =B[i-1w] //w;>w




Example (9)
Wo 1 2 3 4 5
olo|o|o0o|o|oO0]|oO
1{o0ol,0 3|33 3
2] 0%
3|0
alo0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b, + B[i-1w- w]
else
B[i,w] = B[i-1,w]
else B[i,w] =B[i-1w] //w;>w




Example (10)

Wo 1 2 3 4 5
olojo|o|o]|O0]|oO
1/{o0olo|,3 |3 |3/ 3
2/ 0] o0 |3

30

4]0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b, + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1w] //w,>w

Items:
1:(2,3)
2:(34)
3:(4,5)
i=2  4:(56)
b=4

w;=3
w=2

w-w; =-1




Example (11)

Wpo 1 2 3 4 5
olo|o|o|o|o0o]|oO
1| 0lo |3 |3 |33
2/ 0| 0| 3 ™4
3|0

4|0

if w, <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1,w- w]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1Lw] //w,>w




Example (12)

Wo 1 2 3 4 5
olo|o|o|o]|O0]|oO
1lo|lol3 |3 ]33
2/ 0|0 |3 |44
30
4]0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1,w- w]
else

B[i,w] = B[i-1,w]
else B[i,w] = B[i-1Lw] //w,>w

Items:
1:(2,3)
2:(34)
3:(4,5)
i=2  4:(5,6)
b=4

w;=3
w=4

w-w; =1




Example (13)

Wo 1 2 3 4 5
olo|o|o|o|o]|oO
1|00 |343]|3]3
2/ 0|0 |3 |4 | 47
3|0
a4l o0

if w, <= w // item i can be part of the solution
if b + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1,w- w]
else
B[i,w] = B[i-1w]
else B[i,w] = B[i-1w] //w,>w




Example (14)

W 1 2 3 4 5
ojlo|lo|o|0]|o0]oO
1/o0o|lo |3 |3 |3]3
2/o0/,0 [ 3|4 ]4]|7
3/ o0|Y% [¥3 ['a

4] 0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b, + B[i-1,w- w;]
else
Bli,w] = B[i-1,w]
else B[i,w] =B[i-1w] //w;>w




Example (15)

Wo 1 2 3 4 5
olojo|o|o|o0]|oO
i1/o0|l0 |3 |3 |3]3
2| 0——Q | 3 | 4| 4|7
3/ o0 |3 |45
4|0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] =b; + B[i-1Lw- w]
else
B[i,w] = B[i-1,w]
else B[i,w] =B[i-1w] //w;>w

Items.

1: (2,3)
2:(34)
3: (4,5)

i=3
b=5
wi=4

w=4

4:(56)

w- w;=0




Example (16)

Wo 1 2 3 4 5
ololofolo]olo
1/ olo |3 |3 ]|3] s
2003|447
3/ oflo |3 ]4]s|%
4] 0

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b, + B[i-1,w- w;]
else
B[i,w] = B[i-1w]
else B[i,w] = B[i-1Lw] //w,>w




Example (17)

Wpo 1 2 3 4 5
olo|o|o0o]o|o0o]|oO
1/ 0l0]3]|3]|3]s3
2l ol o3 ]4a4|4]7
3|loo0 3,457
4] 0% [¥Y3 [Y4 |5

if w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b, + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-Lw] //w,>w

Items:

1:(2,3)
2:(3,4)
3: (4,5
i=4| 4:(56)

w=1.4




Example (18)

Wo 1 2 3 4 5
ololofolololo
1/ olo |3 |3 |33
2ol o34 a7
3lolo |3 ]4]|5 |7
4l 0o |3 ]4]s %

if w; <= w // item i can be part of the solution
if b, + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b, + B[i-1,w- wi]
else

B[i,w] = B[i-1,w]
else B[i,w] = B[i-1Lw] //w,>w

Items:
1:(2,3)
2:(34)
3:(4,5)
i=4| 4:(56)
b=6

wi=5

w=5

w- w;=0




Comments

« Thisalgorithm only finds the max possible value
that can be carried in the knapsack
» |.e, thevaluein B[n,W]
& To know theitems that make this maximum value,
an addition to this algorithm is necessary.




How to find actual Knapsack
Items

& All of theinformation we need is in the table.

& B[n,W] isthe maximal value of items that can be
placed in the Knapsack.

& Leti=nand k=W
if B[i,K] # B[i—1,K] then
mark theith item asin the knapsack
i=i-1, k=kw
else
i =i-1 /I Assumetheithitem is not in the knapsack
/I Could it bein the optimally packed knapsack?




Items.

- 1:(2,3)
Finding the Items 2:(34)
) 3:(4,9)
Wo 1 2 3 4 5 i=4| 4(56)
ol o|o0o| 0|0 |0 |0 |k=s
1100 |3 |3]3]|3]|nb=s6
2/ 00 |3 |4/|4]|7|wWS5
3| ofo |3 |a]s |7 |BliK=7
40 0| 3|4 |5 |7 |BITKT
i=n, k=W
whileik >0

if B[i,K] # B[i-1,k] then
mark theith item as in the knapsack
i=i-1, k=kw

dse
i=i-l




Finding the Items (2)

Wo 1 2 3 4 5
ojlojJofo|o]o]o
1/ofo[3[3[3]s3s
2/ o0lo0[3|4]4]7
3lolo]3]4 5[/
4lolof3]4a]5s \7)

i=n, k=W

whileik >0

if B[i K] # B[i -LK] then

mark theith item as in the knapsack

i=i-, k= kw
ese
i=i-l

Items:

1:(2,3)
2:(34)
3:(4,5)
4: (5,6)

T
S

= 1
1l
‘Inl o o

B[ii,k] =7
Bli-LK] =7




Finding the ltems (3)

Wo 1 2 3 4 5
ololo]ofo]o]|o
1/ 0/o0o|3|3]3]s3
2/ o0]lo]3]4a]al]l/n
3lolo]3]4a]s [\7)
400|345 |7

i=n, k=W

whileik>0

if B[i,K] # B[i-LK] then

mark the it item as in the knapsack

i=i-1,k=kw
dse
i=i-l

Items:

1:(2,3)
2:(34)
3:(4,5)
4: (5,6)

s
w

S o~
TR
Nowm

B[ii,k] =7
Bli-LK =7




Finding the ltems (4)

Wo 1 2 3 4 5
ololo]o]olo]o
1/ 0] o] 3+ 3 |[3)
@ o]0 3]4a]ax7)
3lolo]3]4]5 7
4lofof3][a]5s 7
i=n, k=W
whilei,k >0

if B[i K] # B[i <L K] then

mark theith item as in the knapsack

i=i-1,k=kw
ese
i=i-l

Items:

1:(2,3)
2:(34)
3:(4,5)
=2| 4:(5,6)

k=
b=
W=
BliK =7
Bli-1, =3
k —w;=2

w o,




Finding the ltems (5)

\W o

0
3
4

1 2 3 4 5
olo /oy o]oo
olo \3)[3]3]s
olo |3 ]a]4]7
olo|3 a5 |7
olo|s3 a5 |7
i=n, k=W
whilei,k >0

if B[i,K] # B[i <L K] then

mark the it item as in the knapsack

=i, k= kew,
dse

i=i-l

Items:

1:(2,3)
2:(3,4)
3:(4,5)
4: (5,6)

W
[y

E-c'?l_
Tl
AN

=2
BliK =3
B[i-1,k] =0
k = w;=0




Finding the Items (6)

W 1 2 3 4 5
ol o|lo|o|0|o0]oO
o|o|3]|3 |33
o| o |3 |4 |4a)|7
3/ 0|0 |3 |4 /|5]7
4/ 00 |3 |4]|5]|7
i=n, k=W
whileik >0

if B[i,K] # B[i-1,k] then
mark the nth item as in the knapsack
i=i-1 k=kw

ese
i=i-1

Items:
1: (2,3)
2:(34)
3:(4,5)
i=0| 4:(56)
k=0

The optimal
knapsack
should contain
{12




Finding the Items (7)

Wo 1 2 3 4 5
ol oo [foy o]o]o
o] o \sp3 | 3]/3
oo |3 ]a]af7
3/olo |3 ]4]|s5 (7
4l oo |3 ][4a]5 |\7
i=n, k=W
whilei,k >0

if B[i,K # B[i LK then

mark the nth item as in the knapsack

=il k=kw
dse
i=i-1

Items.

1: (2,3)
2:(34)
3:(4,5)
4: (5,6)

The optimal
knapsack
should contain
{12




Review: The Knapsack Problem
And Optimal Substructure

< Both variations exhibit optimal substructure
& To show thisfor the 0-1 problem, consider the
most valuable load weighing at most W pounds
» If weremove itemj from the load, what do we know
about the remaining load?
» A: remainder must be the most valuable load weighing
a most W - w; that thief could take, excluding item




Solving The K napsack
Problem

& The optimal solution to the fractional knapsack
problem can be found with a greedy algorithm
» Do you recall how?
» Greedy strategy: take in order of dollars/pound
« The optimal solution to the 0-1 problem cannot be
found with the same greedy strategy
» Example: 3 items weighing 10, 20, and 30 pounds,
knapsack can hold 50 pounds

+ Suppose item 2 isworth $100. Assign valuesto the other items
so that the greedy strategy will fail




